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The mixed axisymmetric problem of elasticity theory on the torsion ofa finite 
circular cylinder by a stamp is considered. The stamp is fixed rigidly to one 
plane face of the cylinder, the other plane face is fixed, and conditions for 
no displacements or stresses are given on the cylinder surface. The problem 

is investigated by the method of homogeneous solutions Cl], which permits 
obtaining its approximate solution for practically any values of the parameters. 
Such efficiency of the method is determined by the fact that the solution of 
the problem reduces to investigating an infinite algebraic system of the 

PoincarC - Koch normal systems type. When the ratio of the cylinder height 

to the radius of the stamp is sufficiently large, the system coefficients, the 

contact stresses, and the other characteristics of the problem are evaluated 
to any degree of accuracy, and effective asymptotic expressions are obtained 
for small values of this ratio. Results of numerical computations are present- 

ed. 
A solution of the problem for the case of a large value of the ratio (il - 

a) I h and small values of the ratio k = h I n is obtained in [2]. 

1. Formulation of the problem and its reduction 
t o a n i II f i n i t e s y s t e m. The mixed axisymmetric problem of elasticity 

theory on the torsion of a circular cylinder r < h?, 0 < z < h (r, rp, z are cylind- 
rical coordinates) by a stamp of radius a is considered. The stamp is rigidly adher- 

ent to the plane cylinder boundary z = h, while the cylinder boundary z = 0 

and its side surface are immobile. In this case, the problem is equivalent to the fol- 

lowing boundary value problem in the displacement function u (?+‘, Z) along the cp 

axis: 

Au-+ 0, A=$+++$ (1.1) 

v=6r (O\<r<a, z-h), v=O (r=R, O<z<h) Cl.74 

u=O (.z==O,r\(R), -c,,=G$-=0 (a<r<R,z=h) 

where 6 is the angle of stamp rotatron, and G is the shear modulus. We use the 
method of homogeneous solutions [l] to solve the boundary value problem ( 1.1) and 
(1.2). In conformity with the scheme of this method, we first find the solution of 

(1.1) when 

,p 
z (r) (0 <r < a, z = h) 

zfp = 
0 (r>a,z=h) ’ 

L,‘(l) zzzz 0 (2 = 0) 
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Homog~~ solutions for a finite circular cylinder 1161 

By using the Hankel integral transform we obtain (J1 (z) is the Bessel function 
of the first kind) 

~(1) (r, z) = G-’ JI (UT) J1 (up) u au (1.3) 

0 0 

Jl (UT) J1 (up) u du 

0 0 

We later find the pa~icular homogeneous solutions of (1.1) where 

,@I *tp = 0 (2 = h), v2=0 (z=O) 

Summing the homogeneous solutions we obtain 

u(‘) (r, 2) - kjI & sh U&l (&r) 

using the or~ogona~ty of the function sinh uk z in the segment IO, hf, we 
find & from the condition 

(1.4) 

u (r, 2) = v(‘) (r, 2) -da) (r, 2) = 0 (r = I?) Cl.51 

& = z (p) 11 (pyk) p dp* Yk = - iuk (1.6) 

It is now easy to see that the function u (r, z) = v(l) (r, z) - da) (r, z) sat- 
isfies (1.1) and all the boundary conditions (1.2) except the first. By satisfying this 
condition too, we obtain an integral equation in the contact stress distribution func- 
tion 

(1.7) 

Let us represent the solution of this equation in the form 

z (r) = G’G~ (r) - G kil Bk (- i)“+l Tk (r) 

6r 
KT 

(k = 0) 

I1(yd (k> 1) 

(1.8) 

( 1.9) 

Then substituting (1.8) into (1,6), we obtain an infinite system of linear algebraic 
eC&atiOrS to determine the COnStantS Bk = zk:k[hfl (Ryk)l-‘: 

Sk = gk - z: ak,x,, (k = 1,2,. . .) 
TM=1 (1.10) 
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gk = 2 (--- 1)” Kx (&A) TO,k, 
2f--i) 

akn = 
k+n+1 fr’l v-Q@ 
hi1 WY,) 

T 

n, k 
a 

L+k= ~%&)~df’Ykh’dp 
0 

(1.11) 

Let us investigate the infinite system (1.10). It can be shown that 

T n, k < (23@-1 11 (ayk) M,, Mn=2n5$(r)rVr 
0 

Let us estimate M,, (n > 1). To do this we multiply both sides of (1.9) by 
M@ (r) for k > 2 and integrate between 0 and a. By changing the order of 

the integration we obtain 

The estimates 

hence follow, 
Taking into account the asymptotic behavior of the modified Bessel functions 

K, (2) and I1 (z) for large values of the argument, we obtain 

kfki --&-~exp [- n(Rh-u’ (k-9)] (k-+ oo) 

I%+ &exp [- n(Rhwu) (k+n--I)] (k,n-+ w) 

We see that the free members of the system (1.10) and the coefficients of its mat- 
rix decrease exponentially as the numbers grow for R>a. Therefore, the system 

(1.10) is of the Poincarg - Koch normal system type. 
Such systems also occur in investigations of certain kinds of mixed problems by the 

method of piecewise-homogeneous solutions [3]. 
To evaluate the elements of the system (1. lo), the solution of the integral equat- 

ions (1.9) which correspond to the fully studied contact problem on the torsion of an 
elastic layer by a stamp, must be known, and consequently, effective asymptotic 

method [a] can successfully be used to solve them. 

2. Solution of the integral equation (1. 9) by the 
method of large a. Equation (1.9) is equivalent to the dual integral 

equation 
00 

f ar (z) th zLJj (=) dZ = fk (2) (0 < 5 < 1) (2.1) 
D 
m 

s ‘& (2) JI (‘65) ‘t d-c = 0 (z > 1) 
0 
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0 

fk (4 = (6x2 if k = 0; a-‘11 (ay&, if k > I), h = $ 

The dual integral equation (2.1) is, in turn, equivalent to a Fredholm integral 
equation of the second kind [5] 

(2.2) 

iv(y) = 5 [I -thu]cosuydu= i bky2k 
(2.3) 

0 k=o 
m 

bl, = 1 
(2k)! 

~[I-thu]n2kdu=(-1)k2~2kf,i-2k(-l)’ir 

dk (t) = (2& 
i=l 

if k = 0; d1 sh (aykt), if k > i) 

Here 
1 k 

,,,k(+zk(ra)=- ;$\ ?!!? , 
f )/+_p @k@) 

= -$\cp’(u)sinmdu (2.4) 
o 

In conformity with the scheme of the method of large A (see [S], say ) we seek 
the solution of (2.2) in the form 

q?(t) = ; C+$(t)Vn (2.5) 
n==o 

Substituting (2.5) and the series (2.3) into (2.2) and equating coefficients of iden- 
tical powers of h on the left and right, we obtain recurrent relationship to determine 

%a” (t) 

(porn (t) = 4, (t) 

k=o 

(2.6) 

f,$&,, (T.) (t - T)2k dz (n > 1) 
-1 

(here the square brackets denote the integer part of the number), It can be seen if 
we follow [6], that 

s-3 

cp2P (t) = x %j mt2i+l (s > 3) (2.7) 
j=O 

cpE+,(t) - z. B‘jmtai+l (s > I>, ‘pl (t) = (P2 (t) = cp4 (t) = 0 

t 
Now substituting (2.7) into (2.6) and equating coefficients of identical powers of 
on the left and right, we obtain recurrence relationships to determine the numbers 

%j 
m and bslrn : 
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Therefore, (2.4), (2.5), (2.7) and (2.8) permit obtaining the solution to the in- 
tegral equation (1.9) to any degree of accuracy in the domain of convergence of the 
method of large h proposed here, in the form of elementary and conveniently evalu- 

ated expressions 

By using (l.U) and (2.41, we find 

Substituting cpn (z) here in the form of (2. IO), (2. ll), we obtain 

T 0, k 
(2.12) 

sh = hk + Y,) sh in (YX - Y,,) 

Y&f& - Yk-‘yn 

(W,, (Fftlk) is described by analogy with (2.11)). Now, the elements of the infinite 
system (1.10) are evaluated by using (2.12), and the approximate solution of this sys- 
tem is found by the method of reduction. 

The contact stresses under the stamp ‘c,, (r, h) = 7 (r) are calculated by means 

of (1.8) in which if we use (2.4)‘ (2. lo), (2.11) 

(2.13) 
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r2)k [(21’ + 1) + - 2 (i - 41 
2k+ 1 

(W, (S, (r)) is described by analogy with (2.11)). 
We find the relationship between the moment M applied to the stamp and the 

angle 6 of stamp rotation from the condition 

Using (1.8), (2.4), (2.10), (2. ll), we obtain 

(2.15) 

MO - 8aS [?+q&T)] 
w, (WI + 3)) is described by analogy with (2. Xl.), see (2.9) for FIk) . 

Therefore, by using the method of large h to solve (1.9), we have successfully 
obtained the solution of the problem for large values of the parameter h in terms of 

the solution of the infinite system (1.10) in elementary expressions to any degree of 

accuracy, where the singularity in the formulas for the contact stresses is explicitly 
extracted. The coefficients of the infinite system are also obtained in elementary 
expressions. 

The domain of applicability of such an approach to the solution of the problem 
will be examined in Sect.4. 

3. Solution of the integral equation (1. 9) by 
the method of small A. Let us examine the dual equation (2. l), 
which is equivalent to (1.9). and let us obtain its solution by the method of reduc- 

tion to an infinite system of linear algebraic equations with a singular matrix [7]. 

We take the principal term in its asymptotic for small A as the solution [8]. 

According to [Z] 

(3.1) 

Yk = (y,“> (k > 0) is a vector which is the solution of an infinite system of 

linear algebraic equations 

BP=Dk, B= 
Ym& (r,a) 11 @,a) + 4$0 @,4 113 (v,4 

(“,,= - Y,‘, KI (v,,,4 II(Q) > 
(3.2) 
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D” = 
aK2 (?,a) \-, Dk= 

h,K1 (Y,a) i 

Here B, D” are matrix, and vector symbols, respectively, 6,k is theKroneck- 
er delta, For small k the principal term of the asymptotic of the solution for 
infinite system is the solution of the degenerate infinite system [S] 

AY” = Rlk, A = ((8, - &J-l> 

D 1 k = hvka 

The system (3.3) is obtained formally from the system (3.2) by passing to the 
limit as A, 4 0 (6,, ym -+ oo (n, m > 1)). The inverse A-’ is known for the 
matrix A [9] 

A-’ = &ml, %m = 
(2n - 1)!l (2n - 3)!1 

!~(2n-2)!1(Zm-2)!1(2n-2m+i) 

and, therefore, the solution of the system (3.3), and correspondingly, the principal 
term of the asymptotic of the solution for the system (3.2) also become 

?in” = 
a(2n--$)I! 

(2lL)!! 
(n = 1,2, . * .) (3.4) 

Ynk = e”ti” v’- *?k (2n - I)!! (2k - 3)! I 
zz (2~-2~!!(2~-2~!~(2~-~~+~) 

(n,li=1,2,...1 

The derivation of the second formula in (3.4) is evident, but the first formula in 

(3.4) is obtained in such a form in [2] for instance. 
The magnitude of the contact stresses under the stamp and the magnitude of the 

moment applied to the stamp become by using (1.8). (3. l), (2.14), (2.15) and (3.4) 
for small h 

(3.5) 

where xk (k = i, 2, . . .) is the solution of the infinite system (1.10) in which by 
taking account of the smallness of the parameter h, (3.1) and (3.4) 

gk = 6 

(_- 1)” .+as~e-Yk(R-a) i (3.6) 

Gkn = 

2 (__ ~jk+n+le-(yk+Un)(R- (zn _ f)fl 

n (2k - 1) (2n - 2)!! 

x 

co 
3 L (2m - qti 

(2??$ -2)11(2m- Zn+1)(2m+2k-i) 
m_=1 
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The smallness of the parameter & = MU was used in obtaining the formulas 
(3.5) and (3.6), moreover, if smallness of the parameter x = h/Q? -a) is 
required then (3.5) and (3.6) can be simplified considerably for the values of the 
contact stresses and moment. Taking account of the relationship yk = n (2 k - 

1) (2 Wl, it can be shown that 

xl=gl(l +O(eJrlx )) (,= &=G+) 
Substi~~g the value of g, from (3.6) in place of x1 here, we obtain 

Formulas (3.5) and (3.7) yield a simple asymptotic solution of the problem for 
small values of the parameters h and x. 

Taking into account that I, (&a) 1;’ (6,~) - 1 for small h , and taking 
2, in the form (3.7). the second formula in (3.5) can be simplified by summing 

the series. We obtain 

M = nG8a3 C &+Zg+ + e-“@-91h (1 + 0 (he-l I “f) + 0 (A)] (3. S> 

Analogously, the fust formula in (3.5) is simplified for small h and x if 0 < 
r\<a 

(3.9) 

~J’Q-~) I h (1 - e-@-r) 1 y: (I + 0 (hd / “)) $ 0 (k)]] 
Here the singularity as r + a is separated out explicitly, 
Therefore, for small values of the parameter h two sets of formulas are obtained 

for the desired quantities in the problem: (3.5), (3.6). (1.10) and (3.8), (3.9). The 
first set is associated with the solution of the infinite system (1. IO), {3.6), and the 
second set is not related to it but takes into account the smallness of the parameter 

3c . The domain of applicability of these results is examined below. 

4. Numerical examples and analysis of the res- 
u 1 t 8. Let us numerically investigate the dimensionless quantities 

M* = 3/1s (G6a3)-W, z* (p) = (G6)-1~(pa) (0 < p f 1) (4.1) 

characterizing the relation between the moment applied to the stamp and the angle 
of stamp rotation, and the contact stresses under the stamp for different values of the 
parameters h = h/a and fi* = Rla. To evaluate the quantities &f and “G (r) 
we hence use the algorithms and formulas obtained in Sects. 2 and 3. 

The method of large 3, (see Sect, 2) permit finding the quantities &f* and Z* (p) 
for h > 1 and any practically possible fi* with any degree of accuracy by using 
an electronic computer. The constraint on h is associated with the convergence of 
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series of the type (2.11). 
We solve the infinite system (1.10) - (1.12) by the method of reduction, Let 

rrl denote the number of equations of the system. We calculate the coefficients of 
this system and the quantity (4.1) to the accuracy of terms of the order of 0 (h-ne). 
We hence select rzl and n2 so that the error in the final results will be exceed a 
given value. Let us note that the selection of the value of n2 depends only on the 
parameter h while the selection of the value of n, depends on the value of the 

quantity (R - a)@. Hence, the smaller h, the greater should n2 be, and 

the smaller (R -- a)/h, the greater should nl be. 

For instance, 0, 01% accuracy is achieved for h = 1 with n2 = 60, for 
h = 1.5 and na = 10, while a 1% accuracy is achieved for h = 1 with n2 = 

20. In order for the error not to exceed 0.1% for (R - a) /’ h > 0.1 it is necess- 

ary to take %G 5, although the error will not exceed 0.0003$ for (R - Q) / 

h>0.2 and n,=5. A 1% accuracy is achieved for (R - a) / h = 0.0007 if 

nr = 30, and n, = 5 for (R - a) / h = 0.07 . 
The use of the method of small k (see Sect, 3) permits finding the approximate 

value of the quantities M* and r.* (p) by means of (3.5), (3.6) and (1.10) by using 

an electronic computer with not more than a 301, error for h. < 0.5. If 0.5 < 

J+ < 1, then thesolution of the system (3. ‘2) must be found asymptotically by the 
method of reduction without simp~fying it, as was done in [2], in order to evakite 

the coefficients of the infinite system (1.10). The above is valid here relative to the 

selection of n, . 
Formulas (3.8) and (3.9) permit the evaluation of M* and ‘r* (p) with an error 

not exceeding 3% for k < 0.5 and (R - a)ih > 0.5. 
Values of the quantities M* and t* (p) ace presented below for different values 

of the parameters p, h and R* 

R* = 1.3; 1.5 
h=0.1 

@(0.1) = 1.OO0 
%*(0.3) = 3.000 
z*(O*5) = 5.000 
X*(0.7) = 7.000 
+(O.Q) = 9.235 
21(0.95) = 10.77 

1.3 1.5 1.5 0.3 ::: :$I21 ::i: 

0.1492 0.3336 0.1469 0.1457 0.1417 

0.4689 1.002 0.4572 0.8697 1.679 0.3380 0.8336 ~~~~ 
1.503 2.422 1.422 
3.266 3.853 3.007 2.983 GE 
4.864 

M*=3.448 1.244 

R*= 1.01 
h=O.l 

1.01 
1.0 

@(0.1) = 1.000 0.1782 
P(O.3) = 3.000 0.5689 
%*(0.5) = 5.000 1.097 
r*(0.7) = 7.001 2.082 
t+(O.9) = 9.606 6.068 
r+(o*95) = 12.79 11.09 

5.117 4.441 - 4.412 

1.464 1.245 1.021 1.135 

1.05 1.05 li 
0.1 1.5 :I: 115 

1.000 0.1709 1.000 0.1646 
3.000 0.5437 3.O00 0.5258 
5.000 1.038 5.OOo 0.9913 
7.001 1.911 7.001 1.778 
9.336 4.396 9.255 4.220 

11.29 7.966 10.87 6.524 

M* = 4.131 2.940 3.606 1.973 3.478 1.627 
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For h > 1, the results of Sect. 2 are used when the solution of the integral 

equation (1.9) was found by the method of large h, in this case the values of M* 

and z‘* (p) are presented to four-figure accuracy. For h < 1 the results of Sect. 3 
are used. In this case the smaller h, the more accurate the result, 

The numerical results are in good agreement with the results in [Z]. 

The author is grateful to V. M. Aleksandrov for attention to the research and the 
discussion of its results. 
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